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AN EXPLICIT STRUCTURE OF THE GRADED RING OF
MODULAR FORMS OF SMALL LEVEL
SAITO HAYATO AND SUDA TOMOHIKO
1. Introduction
For each integers k ≥ 0 and N ≥ 1, letMk(N) be the space of all modular forms
of weight k with respect to the congruence subgroup
Γ0(N) = {( a bc d ) ∈ SL2(Z) | c ∈ NZ}
of level N(cf [2, Definition 1.2.3]), and
M(N) =
∞⊕
k=0
Mk(N)
be the graded ring of modular forms for Γ0(N). When N = 1, it is well-known
that, as a C-algebra,M(1) is generated by Eisenstein series E4 and E6 of weight 4
and 6, and these two forms are algebraically independent:
M(1) ≃ C[E4,E6].
For each N , we note that, M(N) is generated by finitely many modular forms (cf
[1]), however, it is not necessarily isomorphic to the polynomial ring. For instance,
when N = 3, we prove
M(3) ≃ C[C3, α3, β3]/(α23 − C3β3)
for some C3 ∈ M2(3), α3 ∈ M4(3) and β3 ∈ M6(3) (cf. Theorem 2). The aim of
this paper is to give the ring structure of M(N) explicitly for
N = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25.
The method we use is summarized as follows: First, for each N , we take some
suitable forms f1, · · · , fh from M(N). Then, for each k, we see that a basis
{b1, · · · , bd} (d = dimMk(N)) of Mk(N) is obtained by fi’s (cf. §3), thus, the
natural homomorphism from the polynomial ring C[f1, · · · , fh] to M(N) is sur-
jective. Second, in §4 and 5, we show some relations between fi’s, i.e., give some
elements of the kernel of the above-mentioned homomorphism. Third, using the
result in §6, we calculate the Hilbert functions, that is, generating series of the
dimensions, and we obtain the isomorhism in §7. In this context, we may regard
M(N) as a subring of C[[q]], where q = e2πiz (z ∈ C, Imz > 0), via the Fourier
expansion. Our basis {b1, · · · , bd} satisfy that bj ∈ qj−1 + C[[q]]qj for each j (cf.
§3), hence we see
Mk(N) ∩ C[[q]]qd = {0},
which is similar to a result of Sturm [4]. This property will be used for the proof
of relations between modular forms.
It should be emphasized that, when N ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25},
M(N) is generated by some Eisenstein series of weight 2 or 4 or 6, and fi’s are
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obtained by such forms. We shall review the Eisenstein series and its Fourier
expansion in §2. Moreover, we show fi ∈ Z[[q]] for each i, and
bj ∈ qj−1 + Z[[q]]qj
for each j (cf. §8). When N = 1, such an integral basis was also taken by Lang [3,
Ch.X, Theorem 4.4].
2. Eisenstein series
For each even integer k > 0, let Bk be the k-th Bernoulli number, σk(n) =
∑
d|n
dk
and
Ek = 1− 2kBk
∞∑
n=1
σk−1(n)q
n
the Eisenstein series of weight k. It is well-known that if k ≥ 4, Ek ∈ Mk(1). In
particular, the following three forms will play important roles in the sequel:
E2 = 1− 24
∑
n
σ1(n)q
n,
E4 = 1 + 240
∑
n
σ3(n)q
n,
E6 = 1− 504
∑
n
σ5(n)q
n.
For each h ∈ N, we note thatM(N) ⊂M(Nh). For each f ∈Mk(N), we define
f (h) ∈ Mk(Nh) to be
f (h)(q) = f(qh).
For each N > 1, we put
CN =
1
(N−1,24) (NE
(N)
2 − E2),
then we see CN ∈ M2(N) (cf. [2, Exercises 1.2.8]), and
CN =
N−1
(N−1,24) +
24
(N−1,24)
∑
n
τN (n)q
n
where τN (n) =
∑
d|n,N ∤d
d. In addition, we see
C
(h)
N =
1
(N−1,24)(NE
(Nh)
2 − E(h)2 )
= 1(N−1,24)h
(− (h−1, 24)Ch + (Nh−1, 24)CNh).
For each prime number p, we put
αp =
1
240 (E4 − E
(p)
4 ),
then we see αp ∈M4(p) ∩ (1 + Z[[q]]q).
For a primitive Dirichlet character χ mod N , put σχ(n) =
∑
d|n
χ(d)d and
Eχ =
∑
n
σχ2(n)χ(n)q
n,
then we have Eχ ∈ M2(N2) (cf. [2, §4.5 and 4.6]). For N = 3, 4, 5 we denote by ρN
the non-trivial real character mod N . Moreover let χ5 be the Dirichlet character
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mod 5 such that χ5(2) =
√−1, and
Er5 =
1
2 (Eχ5 + Eχ5),
Ei5 =
1
2i(Eχ5 − Eχ5).
Then, since (χ5)
2 = ρ5 and (χ5)
3 = χ5, we see
Er5 =
∑
n≡1 mod 5
σρ5(n)q
n − ∑
n≡4 mod 5
σρ5 (n)q
n,
Ei5 = −
∑
n≡2 mod 5
σρ5 (n)q
n +
∑
n≡3 mod 5
σρ5(n)q
n.
3. Basis of Mk(N)
For each k and N , we would take a basis {b1, · · · , bd} (d = dimMk(N)) of
Mk(N), such that
bi ∈ qi−1 + C[[q]]qi (1 ≤ i ≤ d).
First, we write down the following dimension formulas for even k ≥ 0:
dimMk(1) =
[
k
12
]
+ 1− δ12Z+2(k),
dimMk(2) =
[
k
4
]
+ 1,
dimMk(3) =
[
k
3
]
+ 1,
dimMk(4) = k2 + 1,
dimMk(5) = 2
[
k
4
]
+ 1,
dimMk(6) = k + 1,
dimMk(7) = 2
[
k
3
]
+ 1,
dimMk(8) = k + 1,
dimMk(9) = k + 1,
dimMk(10) = k + 2
[
k
4
]
+ 1,
dimMk(12) = 2k + 1,
dimMk(16) = 2k + 1,
dimMk(18) = 3k + 1,
dimMk(25) = 2k + 2
[
k
4
]
+ 1,
where [ ] denotes the Gauss symbol and
δX(k) =
{
1 if k ∈ X,
0 if k 6∈ X
(cf [2, Theorem 3.5.1]).
When N = 1, let
∆ = 1123 (E
3
4 − E26) ∈ M12(1)
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be the Ramanujan ∆-function, then for each l > 0 we seeM12l(1) ⊃
l∑
i=0
CE
3(l−i)
4 ∆
i =
l⊕
i=0
CE
3(l−i)
4 ∆
i, and therefore, comparing the dimensions on both sides induces
M12l(1) =
l⊕
i=0
CE
3(l−i)
4 ∆
i.
Similarly, we have
M12l+4(1) =M12l(1)E4,
M12l+6(1) =M12l(1)E6,
M12l+8(1) =M12l(1)E24,
M12l+10(1) =M12l(1)E4E6,
M12l+14(1) =M12l(1)E24E6.
For each N > 1 we shall take, in the rest of this section, some modular forms and
represent the basis {bj} by such forms.
3.1. The case N=4,6,8,9,12,16,18. In these cases, we have seen that
dimMk(N) = sk2 + 1
for even k ≥ 0, where s = dimM2(N)− 1. We take a (s+ 1)-tuple (f0, f1, · · · , fs)
satisfying
fi ∈M2(N) ∩ (qi + C[[q]]qi+1) (i = 0, 1, · · · , s).
Then we have
M2l(N) =
l⊕
i=0
Cf l−i0 f
i
1 ⊕
l⊕
i=1
Cf l−i1 f
i
2 ⊕ · · · ⊕
l⊕
i=1
Cf l−is−1f
i
s.
Indeed, for a given N , such tuple can be taken as follows:
When N = 4, (f0, f1) = (C4, α4), where
α4 =
1
16 (C2 − C4).
When N = 6, (f0, f1, f2) = (C
(2)
3 , α6, β6), where
α6 =
1
12 (C2 − C3),
β6 =
1
12 (C
(2)
3 − C(3)2 ).
When N = 8, (f0, f1, f2) = (C
(2)
4 , α4, α
(2)
4 ).
When N = 9, (f0, f1, f2) = (C3,Eρ3 , β9), where
β9 =
1
6 (
1
9 (C3 − C9)− Eρ3).
When N = 12, (f0, f1, f2, f3, f4) = (C
(2)
3 , α6, β6, α
(3)
4 , β
(2)
6 ).
When N = 16, (f0, f1, f2, f3, f4) = (C
(2)
4 , α4, α
(2)
4 , γ16, α
(4)
4 ), where
γ16 =
1
8 (α4 − Eρ4).
WhenN = 18, (f0, f1, f2, f3, f4, f5, f6) =
(
C
(2)
9 , α6, β6, α
(3)
6 , β
(2)
9 , ǫ18, β
(3)
6
)
, where
ǫ18 =
1
2 (β9 − E
(2)
ρ3 − 3β(2)9 ) + β(3)6 .
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3.2. The case N=2,5,10,25. In these cases, we have seen that
dimMk(N) = sk2 + t
[
k
4
]
+ 1,
where s = dimM2(N)−1 and t = dimM4(N)−2s−1. We take a (s+ t+1)-tuple
(f0, f1, · · · , fs; g1, g2, · · · , gt) satisfying
fi ∈M2(N) ∩ (qi + C[[q]]qi+1) (i = 0, 1, · · · , s),
gi ∈M4(N) ∩ (q2s+i + C[[q]]q2s+i+1) (i = 1, · · · , t).
Then we have
M4l(N) =
2l⊕
i=0
Cf2l−i0 f
i
1 ⊕
2l⊕
i=1
Cf2l−i1 f
i
2 ⊕ · · · ⊕
2l⊕
i=1
Cf2l−is−1 f
i
s
⊕
l⊕
i=0
Cf
2(l−i)
s gi1 ⊕
l⊕
i=1
Cgl−i1 g
i
2 ⊕ · · · ⊕
l⊕
i=1
Cgl−it−1g
i
t,
M4l+2(N) =M4l(N)f0 ⊕ Cgltf1 ⊕ · · · ⊕ Cgltfs.
Indeed, such tuple can be taken as follows:
When N = 2, (f0; g1) = (C2;α2).
When N = 5, (f0; g1, g2) = (C5;α5, β5), where
β5 =
1
36 (−C25 + 12α5 + E
(5)
4 ).
When N = 10, (f0, f1, f2; g1, g2) = (C2, α10, β10;α
(5)
2 , ζ10), where
α10 =
1
8 (C2 − 4C5 +C10),
β10 =
1
6 (C
(2)
5 − C(5)2 ),
ζ10 =
1
4 (β
2
10 − β(2)5 ).
When N = 25, (f0, f1, f2, f3, f4; g1, g2) = (C5,Eρ5 ,Ei5 , γ25, δ25; ι25, β
(5)
5 ), where
γ25 =
1
10 (−Eρ5 + Er5 − 3Ei5),
δ25 =
1
100 (C5 − C25 + 5Eρ5 − 10Er5),
ι25 = α
(5)
5 + (−Er5 + γ25 − 2δ25)δ25 − β(5)5 .
3.3. The case N=3,7. In these cases, we have seen that
dimMk(N) = s
[
k
3
]
+ 1,
where s = dimM4(N) − 1. We take a (2s + 1)-tuple (f0; g1, · · · , gs;h1, · · · , hs)
satisfying
f0 ∈ M2(N) ∩ (1 + C[[q]]q),
gi ∈ M4(N) ∩ (qi + C[[q]]qi+1) (i = 1, · · · , s),
hi ∈ M6(N) ∩ (qs+i + C[[q]]qs+i+1) (i = 1, · · · , s).
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Then we have
M6l(N) =
l⊕
i=0
Cf3l−2i0 g
i
1 ⊕
l⊕
i=1
Cf l0g
l−i
1 g
i
2 ⊕ · · · ⊕
l⊕
i=1
Cf l0g
l−i
s−1g
i
s
⊕
l⊕
i=1
C(f0gs)
l−ihi1 ⊕
l⊕
i=1
Chl−i1 h
i
2 ⊕ · · · ⊕
l⊕
i=1
Chl−is−1h
i
s,
M6l+2(N) =M6l(N)f0,
M6l+4(N) =M6l(N)f20 ⊕ Chlsg1 ⊕ · · · ⊕ Chlsgs.
Indeed, such tuple can be taken as follows:
When N = 3, (f0; g1;h1) = (C3;α3;β3), where
β3 =
1
12
(
1
504 (E
(3)
6 − E6)− C3α3
)
.
When N = 7, (f0; g1, g2;h1, h2) = (C7;α7, β7; γ7, δ7), where
β7 =
1
32 (−C27 + 8α7 + E
(7)
4 ),
γ7 =
1
360
(
29
2 (C7E
(7)
4 − E(7)6 ) + 17504 (E
(7)
6 − E6)− 75C7α7 + 240C7β7
)
,
δ7 =
1
360
(
7
2 (C7E
(7)
4 − E(7)6 ) + 1504 (E
(7)
6 − E6)− 15C7α7 + 120C7β7
)
.
4. Relations between modular forms for N dividing 12
We define
O3 = α
2
3 − C3β3,
O6 = α
2
6 − C(2)3 β6,
O12b = γ
2
12 − β6β(2)6 ,
O12c = C
(2)
3 γ12 − (β6 + 2γ12 + 4β(2)6 )α6,
O12d = α6γ12 − (β6 + 2γ12 + 4β(2)6 )β6,
O12e = α6β
(2)
6 − (β6 + 2γ12 + 4β(2)6 )γ12,
O12f = C
(2)
3 β
(2)
6 − β26 − 4α6β(2)6 − 4γ212 − 16β(2)26 ,
where
γ12 = α
(3)
4 − β(2)6 .
In this section, we give some relations between modular forms, in particular, show
that all forms defined above are 0. For N = 1, we have seen that for each k ≥ 8, Ek
can be represented by E4 and E6. For example, we get E8,E
2
4 ∈M8(1)∩(1+C[[q]]q),
and thus E8 − E24 ∈M8(1) ∩C[[q]]q = {0}, that is
E8 = E
2
4.
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4.1. The cases N=4,6,12. First, we have O6 ∈ M4(6) ∩ C[[q]]q5 = {0} and
O12b ∈ M4(12) ∩ C[[q]]q9 = {0}. We can show O12c = O12d = O12e = O12f = 0 in
a similar fashion, we also give algebraic proofs of them. We see
C2 = C
(2)
3 + 24α6 + 36β6,
C3 = C
(2)
3 + 12α6 + 36β6,
C4 = C
(2)
3 + 8α6 + 20β6 + 16γ12 − 16β(2)6 ,
C6 = 5C
(2)
3 + 24α6 + 36β6,
C12 = 11C
(2)
3 + 24α6 − 36β6 − 144γ12 − 144β(2)6 ,
and
0 = −O(2)6
= −α(2)26 +C(4)3 β(2)6
= −( 112 (12 (3C4 − C2)− C(2)3 ))2 + 18 (−3C4 +C12)β(2)6
= C
(2)
3 β
(2)
6 − β26 − 4β6γ12 − 8β6β(2)6 − 4γ212 − 16γ12β(2)6 − 16β(2)26
= 8O12b + 4O12e +O12f .
We also see
α6γ12O12f = (C
(2)
3 γ12 + α6(β6 + 4β
(2)
6 )− 2α6γ12)O12e − (β6 + 2γ12 + 4β(2)6 )β(2)6 O6
+ (C
(2)
3 β6 + 2C
(2)
3 γ12 + 4C
(2)
3 β
(2)
6 − 8α6γ12)O12b,
and thus
0 =
(
C
(2)
3 γ12 + α6(β6 + 4β
(2)
6 ) + 2α6γ12
)
O12e.
We note that C[[q]] is a integral domain, and hence 0 = O12e = O12f . Moreover we
have O12d =
β6
γ12
O12e = 0 and O12c =
C
(2)
3
α6
O12d = 0.
In M(4) we get
E4 = C
2
2 + 192C4α4
since E4 − (C22 + 192C4α4) ∈ M4(4) ∩ C[[q]]q3 = {0}. In addition, considering in
M(12), we get a relation in M(6):
E4 = C
2
2 + 12C2C4 − 12C24
= C(2)23 + 240C
(2)
3 α6 + 264C
(2)
3 β6 − 192C(2)3 γ12 + 192C(2)3 β(2)6
+2112α26 + 7104α6β6 + 1536α6γ12 − 1536α6β(2)6 + 5136β26
−768β6γ12 + 768β6β(2)6 − 3072γ212 + 6144γ12β(2)6 − 3072β(2)26
= C(2)23 + 240C
(2)
3 α6 + 792C
(2)
3 β6 + 1584α
2
6 + 6912α6β6 + 6480β
2
6
+48(11O6 − 112O12b − 4O12c + 24O12d − 32O12e + 4O12f )
= C22 +C2C3 − C23 + 5C3C6 − C26.
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4.2. The case N=2. We see
E
(2)
4 = (C
2
2 +C2C3 − C23 + 5C3C6 − C26)(2)
= C(2)23 + 216C
(2)
3 β6 + 432C
(2)
3 γ12 + 288C
(2)
3 β
(2)
6 − 1152β26 − 4608β6γ12
−5760β6β(2)6 − 4608γ212 − 11520γ12β(2)6 − 4608β(2)26
= C(2)23 − 108C(2)3 β6 + 324α26 + 432α6β6
+36(−9O6 + 64O12b + 12O12c + 24O12d + 80O12e + 8O12f )
= 14 (5C
2
2 − (C22 +C2C3 − C23 + 5C3C6 − C26))
= 14 (5C
2
2 − E4).
We note E
(2)
4 = C
2
2 − 48C4α4 and α2 = 1240 (E4 − E
(2)
4 ) = C4α4.
We get
E6 = C2(4C
2
2 − 3E4)
since E6 − C2(4C22 − 3E4) ∈M6(2) ∩ C[[q]]q2 = {0}. We also see
E
(2)
6 = C
(2)
2 (4C
(2)2
2 − 3(C22 − 48C4α4))
= (C4 − 8α4)(C4 + 16α4)(C4 − 32α4)
= (C4 + 16α4)(C
2
2 − 72α2)
= 18C2(11C
2
2 − 3E4),
since C2 = C4 + 16α4 and C
(2)
2 = C4 − 8α4.
4.3. The case N=3. We see
E
(3)
4 = (C
2
2 + 12C2C4 − 12C24)(3)
= C(2)23 − 24C(2)3 β6 + 192C(2)3 γ12 + 192C(2)3 β(2)6 + 144β26 − 2304β6γ12
−2304β6β(2)6 − 3072γ212 − 6144γ12β(2)6 − 3072β(2)26
= C(2)23 − 8C(2)3 β6 − 16α26 + 192α6β6 + 720β26
+16(O6 + 48O12b + 12O12c + 24O12d + 96O12e + 12O12f),
= 19 (10C
2
3 − (C22 +C2C3 − C23 + 5C3C6 − C26))
= 19 (10C
2
3 − E4),
and
E
(3)
6 = (C2(4C
2
2 − 3E4))(3)
= 4C
(3)3
2 − 3C(3)2 (C(2)23 − 8C(3)2 β6 − 16α26 + 192α6β6 + 720β26)
= C(2)33 − 84C(2)23 β6 + 48C(2)3 α26 − 576C(2)3 α6β6 − 720C(2)3 β26 − 576α26β6
+6912α6β
2
6 + 19008β
3
6
= C(2)33 +
4
3C
(2)2
3 β6 − 1123 C
(2)
3 α
2
6 − 64C(2)3 α6β6 − 720C(2)3 β26 − 512α36 − 576α26β6
+6912α6β
2
6 + 19008β
3
6 +
256
3 (C
(2)
3 + 6α6)O6
= 127 (35C
3
3 − 7C3E4 − C2(4C22 − 3E4))
= 127 (35C
3
3 − 7C3E4 − E6).
Finally, since β6 = α
2
6/C
(2)
3 , we have
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C3 = (C
(2)
3 + 6α6)
2/C
(2)
3 ,
α3 =
1
240
(
E4 − 19 (10C23 − E4)
)
= 163 (E4 − C23)
= C
(2)
3 α6 + 10α
2
6 + 28α6β6 + 24β
2
6
= (C
(2)
3 + 2α6)
2(C
(2)
3 + 6α6)α6/C
(2)2
3 ,
β3 =
1
12
(
1
504 (
1
27 (35C
3
3 − 7C3E4 − E6)− E6)− C3 163 (E4 − C23)
)
= 11082 (7C
3
3 − 5C3E4 − 2E6)
= C
(2)
3 α
2
6 + 8α
3
6 + 24α
2
6β6 + 32α6β
2
6 + 16β
3
6
= (C
(2)
3 + 2α6)
4α26/C
(2)3
3 ,
thus α23 = C3β3 i.e. O3 = 0.
5. Relations between modular forms for N not-dividing 12
Put
α9 = Eρ3 + 9β9,
u10 =
1
3 (−2C2 + 5C5),
ǫ10 = α
(5)
2 − 5ζ10,
u18 = C
(2)
9 − 3β6,
α18 = α6 + 3β6,
γ18 = α
(3)
18 ,
δ18 = β
(2)
9 − ǫ18 + 2β(3)6 ,
u25 = C25 − 5Er5 − 25δ25,
α25 = Eρ5 + 5γ25.
We define
O5 = α
2
5 − (C25 + 4α5 − 8β5)β5,
O7a = β
2
7 − C7δ7,
O7b = C7γ7 − α7β7,
O7c = β7γ7 − α7δ7,
O7d = α
2
7 − (C27 + 7α7 − 19β7)β7,
O7e = α7γ7 − (C7β7 + 7γ7 − 19δ7)β7,
O7f = γ
2
7 − (C7β7 + 7γ7 − 19δ7)δ7,
O8 = α
2
4 − C(2)4 α(2)4 ,
O9 = α
2
9 − C3β9,
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O10a = α
2
10 − u10β10,
O10b = α10ǫ10 − u10ζ10,
O10c = β10ǫ10 − α10ζ10,
O10d = α10β
2
10 − (u10 + 8α10 + 20β10)ǫ10,
O10e = β
3
10 − (α10ǫ10 + 8β10ǫ10 + 20β10ζ10),
O10f = β
2
10ζ10 − (ǫ210 + 8ǫ10ζ10 + 20ζ210),
O16b = γ
2
16 − α(2)4 α(4)4 ,
O16c = C
(2)
4 γ16 − (α(2)4 + 4α(4)4 )α4,
O16d = α4γ16 − (α(2)4 + 4α(4)4 )α(2)4 ,
O16e = α4α
(4)
4 − (α(2)4 + 4α(4)4 )γ16,
O16f = C
(2)
4 α
(4)
4 − (α(2)4 + 4α(4)4 )2,
O18a = u18γ18 − α18β6,
O18b = u18ǫ18 − α18δ18,
O18c = γ
2
18 − u18β(3)6 ,
O18d = β6ǫ18 − γ18δ18,
O18e = δ
2
18 − β6β(3)6 ,
O18f = δ18ǫ18 − γ18β(3)6 ,
O18A = (u18 + 3β6)δ18 − β6(β6 + 3γ18),
O18B = (α18 + 3γ18)δ18 − γ18(β6 + 3γ18),
O18C = (α18 + 3γ18)ǫ18 − β(3)6 (u18 + 3α18),
O18D = α18γ18 − u18(δ18 + 3ǫ18 − 3β(3)6 ),
O18E = γ
2
18 − β6(δ18 + 3ǫ18 − 3β(3)6 ),
O18F = α18β
(3)
6 − γ18(δ18 + 3ǫ18 − 3β(3)6 ),
O18G = γ18ǫ18 − δ18(δ18 + 3ǫ18 − 3β(3)6 ),
O18H = ǫ
2
18 − β(3)6 (δ18 + 3ǫ18 − 3β(3)6 ),
O18I = α
2
18 − u18β6 − 3α18γ18 − 6α18β6 + 9γ218,
O25a = α
2
25 − u25Ei5 ,
O25b = α25Ei5 − u25γ25,
O25c = E
2
i5
− α25γ25,
O25d = E
2
i5
− u25δ25,
O25e = Ei5γ25 − α25δ25,
O25f = γ
2
25 − Ei5δ25,
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O25A = u25ι25 − α25(δ225 − 5β(5)5 ),
O25B = α25ι25 − Ei5(δ225 − 5β(5)5 ),
O25C = Ei5ι25 − γ25(δ225 − 5β(5)5 ),
O25D = γ25ι25 − δ25(δ225 − 5β(5)5 ),
O25E = u25β
(5)
5 − α25(ι25 − 2β(5)5 ),
O25F = α25β
(5)
5 − Ei5(ι25 − 2β(5)5 ),
O25G = Ei5β
(5)
5 − γ25(ι25 − 2β(5)5 ),
O25H = γ25β
(5)
5 − δ25(ι25 − 2β(5)5 ),
O25I = (δ
2
25 − 5β(5)5 )β(5)5 − ι25(ι25 − 2β(5)5 ).
5.1. The case N=8. We have O8 = 0, since C4 = C
(2)
4 + 8α4 + 16α
(2)
4 and
0 = E
(2)(2)
4 − E(2)(2)4
= (C
(2)2
2 − 48C(2)4 α(2)4 )− 14 (5C
(2)2
2 − (C22 − 48C4α4))
= 48O8.
5.2. The case N=16. We have O16b ∈ M4(16) ∩C[[q]]q9 = {0}. We see
C4α
(2)
4 = (C
(2)
4 + 4α4)
2/C
(2)
4 · α24/C(2)4
=
(
(C
(2)
4 + 4α4)α4/C
(2)
4
)2
= (α4 + 4α
(2)
4 )
2
and thus O16f =
(
C4α
(2)
4 − (α4 + 4α(2)4 )2
)(2)
= 0. Moreover, we have O16c =
α24
C
(2)
4 γ16+(α
(2)
4 +4α
(4)
4 )α4
O16f = 0, O16d =
α4
C
(2)
4
O16c = 0, and O16e =
α
(4)
4
γ16
O16d = 0.
5.3. The case N=9. We get
E4 = C
2
3 + 6
3C9α9
since E4 − (C23 + 63C9α9) ∈ M4(9) ∩ C[[q]]q5 = {0}. We note E(3)4 = C23 − 24C9α9
and thus α3 = C9α9. In C[C3,C9, α9,E6], we get
O3 =
1
63 (27C
4
3 − 18C23E4 − E24 − 8C3E6)
= 133 (C
4
3 − 540C23C9α9 − 5832C29α29 − C3E6),
O
(3)
3 =
1
37 (C
4
3 − 4C33C9 − 540C23C9α9 − 864C3C39 + 2160C3C29α9 + 864C49
+7776C39α9 − 5832C29α29 − C3E6 + 4C9E6),
thus
0 = 274 (O3 − 34O
(3)
3 )/C9
= C33 + 216C3C
2
9 − 540C3C9α9 − 216C39 − 1944C29α9 − E6.
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Hence, we see
β3 =
1
1082 (7C
3
3 − 5C3E4 − 2E6)
= 127C
2
9(−C3 +C9 + 9α9)
= C29β9
and
C3β9 = C3β3/C
2
9 = α
2
3/C
2
9 = (C9α9)
2/C29 = α9,
i.e. O9 = 0.
5.4. The case N=18. We put
O18B′ = (u18 + 3β6)ǫ18 − γ18(β6 + 3γ18),
O18X = α18γ18 − β26 − 3γ218 − 6β6γ18 + 9β6β(3)6 ,
then we see
O18B′ = O18B +O18b + 3O18d,
O18X = 3O18c +O18A + 3O18B′ +O18D + 3O18E .
First have
O18c = O
(3)
6 = 0.
We see
0 = O6
= −u18β6 + α218 − 6α18β6 − 3β26 − 18β6γ18 + 27β6β(3)6
= O18I + 3O18X ,
0 = E
(3)
4 − E(3)4
= (C22 +C2C3 − C23 + 5C3C6 − C26)(3) − (C23 − 24C9α9)
= 16(−u18β6 + 12u18γ18 + 9u18β(3)6 + α218 − 18α18β6 − 3β26 − 18β6γ18 + 27β6β(3)6 − 9γ218)
= 16(12O18a − 9O18c +O18I + 3O18X),
thus O18a = 0. We see O18X =
γ18
α18
O18I thus OI = OX = 0. Next, we also see
O18C =
α18
u18
O18B′ , O18B =
α18
u18
O18A and
0 = E4 − E4
= (C22 +C2C3 − C23 + 5C3C6 − C26)− (C23 + 63C9α9)
= 72(−11u18β6 − 21u18γ18 + 27u18δ18 + 9u18ǫ18 + 11α218 − 45α18β6 − 36α18γ18
+81α18δ18 + 27α18ǫ18 − 81α18β(3)6 − 24β26 − 153β6γ18 + 81β6δ18 + 27β6ǫ18
−27β6β(3)6 − 189γ218 + 243γ18δ18 + 81γ18ǫ18)
= 72(−21O18a − 36O18c + 24O18A + 81O18B + 27O18C − 3O18D − 9O18E + 11O18I)
= 72 · 3(8O18A + 27O18B + 9O18C −O18D − 3O18E)
= 72 · 3 · 3 · (3α18
u18
+ 1)(3O18A +O18B′),
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0 = E
(2)
4 − E(2)4
= 14 (5C
2
2 − (C22 +C2C3 − C23 + 5C3C6 − C26))− (C23 + 63C9α9)(2)
= 108(−3u18β6 − 4u18γ18 − 6u18δ18 − 6u18ǫ18 + 18u18β(3)6 + 3α218 − 14α18β6
−3β26 − 30β6γ18 − 18β6δ18 − 18β6ǫ18 + 81β6β(3)6 )
= 18(−4O18a + 9O18c + 3O18A + 21O18B′ + 9O18D + 27O18E + 3O18I)
= 18 · 3(O18A + 7O18B′ + 3O18D + 9O18E)
= −18 · 3 · 2(O18A +O18B′),
thus O18A = O18B′ = 0 and O18B = O18C = 0. We see O18d =
γ18
α18
O18b and
O18b + 3O18d = O18B′ −O18B = 0,
thus O18b = O18d = 0. Moreover, we see O18E =
β6
u18
O18D and
O18D + 3O18E = O18X = 0,
thus O18D = O18E = 0, O18F =
γ18
u18
O18D = 0, O18G =
ǫ18
γ18
O18E = 0. Finally we see
O18H =
β
(3)
6
δ18
O18G +
ǫ18
δ18
O18f =
ǫ218
δ218
O18e,
0 = O
(2)
9
= −u18δ18 − u18ǫ18 + 2u18β(3)6 + β26 + 4β6γ18 − 6β6δ18 − 6β6ǫ18 + 6β6β(3)6 + 4γ218
−6γ18δ18 − 6γ18ǫ18 + 9δ218 + 18δ18ǫ18 − 27δ18β(3)6 + 9ǫ218 − 27ǫ18β(3)6 + 27β(3)26
= −O18b − 2O18c + 3O18d + 3O18e −O18A −O18B + 3O18E − 6O18G + 9O18H
= 3(1 + 3
ǫ218
δ218
)O18e,
thus O18e = O18f = O18H = 0.
5.5. The case N=5,10. First, in M(5) we get
E6 =
1
8C5(2000C
2
5 − 117E4 − 1875E(5)4 ).
We have O10a ∈ M4(10) ∩ C[[q]]q7 = {0}. We see O10c = α10u10 O10b,
O10e =
α10
u10
O10d − 20 β10u10O10b,
and
0 = E6 − E6
= C2(4C
2
2 − 3E4)− 18C5(2000C25 − 117E4 − 1875E
(5)
4 )
= 12
(− 1595u210β10 + 1595u10α210 − 14406u10α10β10 − 50612u10β210 + 14406α310
+50612α210β10 − 216α10β210 − 29520β310 + 216u10ǫ10 + 12240u10ζ10 + 19008α10ǫ10
+177120α10ζ10 + 63360β10ǫ10 + 590400β10ζ10
)
= 12
(
(1595u10 + 14406α10 + 50612β10)O10a − 72(170O10b + 2460O10c + 3O10d + 410O10e)
)
= 12 · 72((170 + 2460α10
u10
− 8200 β10
u10
)O10b − (3 + 410α10u10 )O10d
)
,
14 SAITO HAYATO AND SUDA TOMOHIKO
0 = E
(2)
6 − E(2)6
= 18C2(11C
2
2 − 3E4)− 18C
(2)
5
(
2000C
(2)2
5 − 1174 (5C22 − E4)− 18754 (5C22 − E4)(5)
)
= 3
(
455u210β10 − 455u10α210 + 5058u10α10β10 + 16736u10β210 − 5058α310 − 16736α210β10
−1152α10β210 + 1080β310 + 1152u10ǫ10 − 9720u10ζ10 + 17856α10ǫ10 − 38160α10ζ10
+52560β10ǫ10 − 21600β10ζ10
)
= 3
(− (455u10 + 5058α10 + 16736β10)O10a + 72(135O10b + 530O10c − 16O10d + 15O10e))
= 3 · 72((135 + 530α10
u10
− 300 β10
u10
)O10b − (16− 15α10u10 )O10d
)
.
Thus we have O10b = O10c = O10d = O10e = 0, and O10f =
ζ10
β10
O10e = 0.
We put
O10e′ = β
3
10 − (u10 + 8α10 + 20β10)ζ10,
then we see O10e′ = O10e +O10b + 8O10c = 0. We get
E
(5)
6 = (C2(4C
2
2 − 3E4))(5)
= 12
(
13u210β10 − 13u10α210 + 162u10α10β10 + 556u10β210 − 162α310 − 556α210β10 + 72α10β210
+432β310 − 72u10ǫ10 − 432u10ζ10 − 576α10ǫ10 − 3744α10ζ10 − 1152β10ǫ10 − 8640β10ζ10
)
= u310 + 18u210α10 − 120u210β10 + 240u10α210 − 1656u10α10β10 − 6528u10β210
+2016α310 + 7008α
2
10β10 − 576α10β210 − 5120β310 + 288u10ǫ10 + 2304u10ζ10
+3456α10ǫ10 + 27648α10ζ10 + 11520β10ǫ10 + 92160β10ζ10
+12(−(162α10 + 556β10 + 13u10)O10a + 72(4O10c +O10d + 6O10e′))
= 140C5(−80C25 + 3E4 + 117E
(5)
4 ).
At last, we have
O5 =
1
124·5 (3520C
4
5 + E
2
4 + 625E
(5)2
4 − 160C25E4 − 4000C25E(5)4 + 14E4E(5)4 )
in C[C5,E4,E
(5)
4 ] and
O5 = 481
(
45u310β10 − 45u210α210 + 1098u210α10β10 + 4157u210β210 − 1098u10α310
+1694u10α
2
10β10 + 42480u10α10β
2
10 + 74160u10β
3
10 − 5851α410 − 42480α310β10
−73188α210β210 + 12960α10β310 + 42768β410 − 324u210ζ10 − 648u10α10ǫ10
−10368u10α10ζ10 − 2880u10β10ǫ10 − 43200u10β10ζ10 − 7488α210ǫ10 − 68256α210ζ10
−54432α10β10ǫ10 − 508032α10β10ζ10 − 93312β210ǫ10 − 860544β210ζ10 + 5184ǫ210
+41472ǫ10ζ10 + 103680ζ
2
10
)
= 481
(
(−45u210 − 1098u10α10 − 4157u10β10 − 5851α210 − 42480α10β10 − 74160β210
+2880ǫ10 + 432ζ10)O10a + 324((u10 − 8α10)O10b − 36(3α10 + 8β10)O10c + 3α10O10d
+4(10α10 + 33β10)O10e′ − 16O10f)
)
= 0.
5.6. The case N=25. We have O25d, O25e, O25f ∈ M4(25)∩C[[q]]q11 = {0}, thus
we have also
O25c =
Ei5
γ25
O25e = 0, O25b =
α25
Ei5
O25d = 0, O25a =
α25
Ei5
O25b = 0.
We have O25D, O25H ∈ M6(25) ∩C[[q]]q15 = {0}, thus
O25C =
Ei5
γ25
O25D = 0, O25B =
α25
Ei5
O25C = 0, O25A =
u25
α25
O25B = 0,
O25G =
Ei5
γ25
O25H = 0, O25F =
α25
Ei5
O25G = 0, O25E =
u25
α25
O25F = 0,
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O25I =
ι25
δ25
O25H = 0.
Moreover we get
1
5C5(−80C25 + 3E4 + 117E
(5)
4 ) = 8E
(5)
6
= C
(5)
5 (2000C
(5)2
5 − 117E(5)4 − 1875E(25)4 ),
thus
E
(25)
4 =
1
1875C
(5)
5
(
C
(5)
5 (2000C
(5)2
5 − 117E(5)4 )− 15C5(−80C25 + 3E4 + 117E
(5)
4 )
)
= 1
625C
(5)
5
(
625u325 + 7500u
2
25α25 + 18009u
2
25Ei5 + 20410u
2
25γ25 + 10805u
2
25δ25
+28866u25α
2
25 + 141044u25α25Ei5 + 177680u25α25γ25 + 104440u25α25δ25
+165051u25E
2
i5
+ 425488u25Ei5γ25 + 360000u25Ei5δ25 + 212794u25γ
2
25
+427972u25γ25δ25 + 198961u25δ
2
25 + 32296α
3
25 + 227714α
2
25Ei5 + 362740α
2
25γ25
+223370α225δ25 + 419832α25E
2
i5
+ 1571832α25Ei5γ25 + 1762060α25Ei5δ25
+1132456α25γ
2
25 + 3316528α25γ25δ25 + 1802164α25δ
2
25 − 108621E3i5 − 378738E2i5γ25
+1991655E2i5δ25 − 2675894Ei5γ225 + 5762228Ei5γ25δ25 + 7828569Ei5δ225
−5652860γ325− 6961110γ225δ25 + 317070γ25δ225 + 121205δ325 − 11532u25ι25
−8616u25β(5)5 − 61968α25ι25 − 24384α25β(5)5 − 198828Ei5ι25 − 17064Ei5β(5)5
−352920γ25ι25 + 65040γ25β(5)5 − 374460δ25ι25 + 158520δ25β(5)5
)
= 1
625C
(5)
5
(
625u325 + 7500u
2
25α25 + 18585u
2
25Ei5 + 22650u
2
25γ25 + 14325u
2
25δ25
+28290u25α
2
25 + 137940u25α25Ei5 + 217200u25α25γ25 + 151800u25α25δ25
+110715u25E
2
i5
+ 325200u25Ei5γ25 + 489600u25Ei5δ25 − 63750u25γ225
+226500u25γ25δ25 + 56625u25δ
2
25 + 33160α
3
25 + 239010α
2
25Ei5 + 489300α
2
25γ25
+369450α225δ25 + 346200α25E
2
i5
+ 1517400α25Ei5γ25 + 2239500α25Ei5δ25
+105000α25γ
2
25 + 1458000α25γ25δ25 + 412500α25δ
2
25 − 53325E3i5 + 372750E2i5γ25
+2886375E2i5δ25 − 1569750Ei5γ225 + 3772500Ei5γ25δ25 + 1625625Ei5δ225
−2277500γ325− 813750γ225δ25 + 168750γ25δ225 + 3125δ325 − 7500u25ι25
+15000u25β
(5)
5 − 30000α25ι25 + 60000α25β(5)5 − 67500Ei5ι25 + 135000Ei5β(5)5
−75000γ25ι25 + 150000γ25β(5)5 − 37500δ25ι25 + 75000δ25β(5)5
+32
(
(18u25 − 27α25 − 1588Ei5 − 3955γ25 − 4565δ25)O25a
+(70u25 + 1235α25 + 821Ei5)O25b − 1701Ei5O25c
+(110u25 + 1480α25 − 27Ei5 − 6296γ25 − 4448δ25)O25d
−(17188Ei5 + 58079γ25 + 43301δ25)O25e
+(8642u25 + 32108α25 + 23512Ei5 − 105480γ25 − 192105δ25)O25f
−126O25A − 1737O25B − 4635O25C − 3690O25D − 738O25E − 531O25F
+4995O25G + 10530O25H
))
= 1625 (52(C5 − 3C25)2 + 432C225 − 60E2ρ5 + 600E2r5 + 600E2i5 − E4 − 14E
(5)
4 ).
5.7. The case N=7. We have O7a, O7b, O7d ∈ M8(7) ∩ C[[q]]q5 = {0}, thus we
have also
O7c =
β7
C7
O7b = 0, O7e =
β7
C7
O7d = 0, O7f =
β7
C7
O7e = 0.
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6. Decomposition of polynomial rings
Suppose that R is a ring. If O ∈ R+RY + Y 2, then by induction on m, we get
RY m ⊂ (O) +R+ RY , thus
R[Y ] = (O) ⊕R⊕RY.
By virtue of this, for example, we see C[C
(2)
3 , α6, β6] = (O6)⊕C[C(2)3 , β6]⊕C[C(2)3 , β6]α6.
Next, if O ∈ XZ +R[Z], then we see R[Z]X ⊂ (R+R[Z]Z)X ⊂ RX +(O) +R[Z]
and
R[X,Z] = (O) +R[X ] +R[Z].
For example, we see C[C
(2)
3 , α6, β6] = (O6) + C[α6][C
(2)
3 ] + C[α6][β6]. If O ∈ XZ +
R[Z,Z ′] and O′ ∈ XZ ′ +R[Z,Z ′], then we get
R[X,Z,Z ′] = (O,O′) +R[X ] +R[Z,Z ′]
in a similar fashion. If O ∈ XZ + R[Z,Z ′, Z ′′], O′ ∈ XZ ′ + R[Z,Z ′, Z ′′] and
O′′ ∈ XZ ′′ +R[Z,Z ′, Z ′′], then we get
R[X,Z,Z ′, Z ′′] = (O,O′, O′′) +R[X ] +R[Z,Z ′, Z ′′].
6.1. The case N=12,16. Put R12 = C[C
(2)
3 , α6, β6, γ12, β
(2)
6 ] and
I12 = (O6, O12b, O12c, O12d, O12e, O12f ).
We see
C[β6, γ12, β
(2)
6 ] = (O12b) + C[γ12][β6] + C[γ12][β
(2)
6 ],
C[α6, β6, γ12, β
(2)
6 ] = (O12d, O12e) + C[β6][α6] + C[β6][γ12, β
(2)
6 ],
and
R12 = (O12c, O12f ) + C[α6, β6][C
(2)
3 ] + C[α6, β6][γ12, β
(2)
6 ]
= I12 + C[C
(2)
3 , α6] + C[α6, β6] + C[β6, γ12] + C[γ12, β
(2)
6 ].
Put R16 = C[C
(2)
4 , α4, α
(2)
4 , γ16, α
(4)
4 ] and
I16 = (O8, O16b, O16c, O16d, O16e, O16f ).
Similarly, we see
R16 = I16 + C[C
(2)
4 , α4] + C[α4, α
(2)
4 ] + C[α
(2)
4 , γ16] + C[γ16, α
(4)
4 ].
6.2. The case N=18. Put R18 = C[u18, α18, β6, γ18, δ18, ǫ18, β
(3)
6 ] and
I18 = (O18a, O18b, O18c, O18d, O18e, O18f , O18A, O18B , O18C , O18D, O18E , O18F , O18G, O18H , O18I).
We see
C[δ18, ǫ18, β
(3)
6 ] = (O18H) + C[ǫ18][δ18] + C[ǫ18][β
(3)
6 ],
C[γ18, δ18, ǫ18, β
(3)
6 ] = (O18G, O18f ) + C[δ18][γ18] + C[δ18][ǫ18, β
(3)
6 ],
and
C[β6, γ18, δ18, ǫ18, β
(3)
6 ] = (O18E , O18d, O18e) + C[γ18][β6] + C[γ18][δ18, ǫ18, β
(3)
6 ]
⊂ I18 + C[β6, γ18] + C[γ18, δ18] + C[δ18, ǫ18] + C[ǫ18, β(3)6 ].
Moreover, we see
C[α18, β6, γ18, δ18] = (O18X + 9O18e, O18B) + C[β6][α18] + C[β6][γ18, δ18],
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C[α18, β6, γ18, δ18, ǫ18, β
(3)
6 ] = (O18C −O18c, O18F ) + C[β6, γ18, δ18][α18]
+ C[β6, γ18, δ18][ǫ18, β
(3)
6 ],
C[u18, α18, β6, γ18] = (O18I , O18a) + C[α18][u18] + C[α18][β6, γ18],
and
R18 = (O18A, O18b, O18c) + C[α18, β6, γ18][u18] + C[α18, β6, γ18][δ18, ǫ18, β
(3)
6 ]
= I18 + C[u18, α18] + C[α18, β6] + C[β6, γ18, δ18, ǫ18, β
(3)
6 ].
6.3. The case N=10. Put R10 = C[u10, α10, β10, ǫ10, ζ10] and
I10 = (O10a, O10b, O10c, O10d, O10e, O10f ).
We see
C[u10, α10, β10] = (O10a) + C[α10][u10] + C[α10][β10],
C[β10, ǫ10, ζ10] = (O10f )⊕ C[β10, ζ10]⊕ C[β10, ζ10]ǫ10,
C[α10, β10, ǫ10, ζ10] = (O10e, O10c) + C[β10][α10] + C[β10][ǫ10, ζ10],
and
R10 = (O10d, O10b) + C[α10, β10][u10] + C[α10, β10][ǫ10ζ10]
= I10 + C[u10, α10] + C[α10, β10] + C[β10, ζ10] + C[β10, ζ10]ǫ10.
6.4. The case N=25. Put R25 = C[u25, α25,Ei5 , γ25, δ25, ι25, β
(5)
5 ] and
I25 = (O25a, O25b, O25c, O25d, O25e, O25f , O25A, O25B , O25C , O25D, O25E , O25F , O25G, O25H , O25I).
We see
C[u25, α25,Ei5 ] = (O25a) + C[α25][u25] + C[α25][Ei5 ],
C[Ei5 , γ25, δ25] = (O25f ) + C[γ25][Ei5 ] + C[γ25][δ25],
C[α25,Ei5 , γ25, δ25] = (O25c, O25e) + C[Ei5 ][α25] + C[Ei5 ][γ25, δ25],
and
C[u25, α25,Ei5 , γ25, δ25] = (O25b, O25d) + C[α25,Ei5 ][u25] + C[α25,Ei5 ][γ25, δ25]
⊂ I25 + C[u25, α25] + C[α25,Ei5 ] + C[Ei5 , γ25] + C[γ25, δ25].
Moreover, we see
C[δ25, ι25, β
(5)
5 ] = (O25I)⊕ C[δ25, β(5)5 ]⊕ C[δ25, β(5)5 ]ι25,
C[γ25, δ25, ι25, β
(5)
5 ] = (O25D, O25H) + C[δ25][γ25] + C[δ25][ι25, β
(5)
5 ],
C[Ei5 , γ25, δ25, ι25, β
(5)
5 ] = (O25C , O25G) + C[γ25, δ25][Ei5 ] + C[γ25, δ25][ι25, β
(5)
5 ],
C[α25,Ei5 , γ25, δ25, ι25, β
(5)
5 ] = (O25B , O25F ) + C[Ei5 , γ25, δ25][α25]
+ C[Ei5 , γ25, δ25][ι25, β
(5)
5 ],
and
R25 = (O25A, O25E) + C[α25,Ei5 , γ25, δ25][u25] + C[α25,Ei5 , γ25, δ25][ι25, β
(5)
5 ]
= I25 + C[u25, α25,Ei5 , γ25, δ25] + C[δ25, β
(5)
5 ] + C[δ25, β
(5)
5 ]ι25.
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6.5. The case N=7. Put R7 = C[C7, α7, β7, γ7, δ7] and
I7 = (O7a, O7b, O7c, O7d, O7e, O7f ).
We see
C[C7, α7, β7] = (O7d)⊕ C[C7, β7]⊕ C[C7, β7]α7,
C[C7, β7, δ7] = (O7a) + C[β7][C7] + C[β7][δ7],
C[C7, β7, γ7, δ7] = (O7f )⊕ C[C7, β7, δ7]⊕ C[C7, β7, δ7]γ7,
C[C7, β7]C7γ7 ⊂ (O7b) + C[C7, α7, β7],
and
R7 = (O7e, O7c) + C[C7, β7][α7] + C[C7, β7][γ7, δ7]
= I7 + C[C7, β7] + C[C7, β7]α7 + C[β7, δ7] + (C[C7, β7] + C[β7, δ7])γ7
= I7 + C[C7, β7] + C[C7, β7]α7 + C[β7, δ7] + C[β7, δ7]γ7.
7. Main results
For reader’s convenience, we review basic facts on graded rings. We say a ring
R is graded if R is decomposed into a direct sum of additive groups
R =
∞⊕
k=0
Rk
such that RkRl ⊂ Rk+l for all k, l ≥ 0. In this paper, we only deal with the
case R0 = C. For example, C is graded as Ck = {0} for k > 0, and so is M(N)
as M(N)k = Mk(N). Moreover, for a graded ring R and n1, · · · , nr > 0, we
define S = R[X1, · · · , Xm][n1,··· ,nm] to be a ring R[X1, · · · , Xm] which is graded as
Xi ∈ Sni . For given graded rings R and S, a ring homomorphism f : R → S is
said to be graded if f(Rk) ⊂ Sk for k ≥ 0. In the sequel, every homomorphism is
meant to be graded.
For a graded ring R with dimRk <∞ for all k, let
H(R) =
∞∑
k=0
(dimRk)t
k ∈ Z[[t]]
be the Hilbert function of R. We see H(C) = 1 and H(R[X ][n]) = H(R)(1− tn)−1,
in particular, H(C[X ][n]) = (1− tn)−1 and
H(C[X,Y ][2,2]) =
1
(1− t2)2 = H(M(4)).
H(C[X,Y ][2,4]) =
1
(1− t2)(1 − t4) = H(M(2)),
H(C[X,Y ][2,6]) =
1
(1− t2)(1− t6) =
∑
k:even
([k6 ] + 1)t
k,
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H(C[X,Y ][4,6])t4 =
t4
(1− t4)(1 − t6)
=
1
(1− t2)(1 − t4) −
1
(1− t2)(1 − t6)
=
∑
k:even
(
[k4 ]− [k6 ]
)
tk
=
∑
k:even
(
[k−412 ] + 1− δ12Z+6(k)
)
tk
= H(M(1))t4.
Then the first main theorem is stated as follows:
Theorem 1. We have
M(1) ≃ C[E4,E6][4,6],
M(2) ≃ C[C2, α2][2,4] = C[C2,E4][2,4],
M(4) ≃ C[C2, α4][2,2] = C[C2,C4][2,2].
Proof. In §3.1 we have shown that the natural homomorphism
C[E4,E6]
[4,6] →M(1)
is surjective. By comparing dimensions on both sides, we easily see that the homo-
morphism is bijective. Thus we obtain
C[E4,E6]
[4,6] ≃M(1).
For N = 2 and 4, the assertions can be shown in a similar way. 
Suppose that R is a graded ring. If I is an ideal of R and R = I ⊕ S as C-
vector spaces, then for each k, we see Rk = (I ∩Rk)⊕ (S ∩Rk). Moreover, if I is
homogeneous, then R/I is naturally graded and we see
dim(R/I)k = dim(Rk/(I ∩Rk)) = dim(S ∩Rk).
In particular, if O ∈ R2k +RkY + Y 2, then we have seen R[Y ] = (O)⊕R⊕RY in
the previous section, and thus
H(R[Y ][k]/(O)) = H(R)(1 + tk).
We have the following results:
Theorem 2. We have
M(3) ≃ C[C3, α3, β3][2,4,6]/(O3),
M(5) ≃ C[C5, α5, β5][2,4,4]/(O5),
M(6) ≃ C[C(2)3 , α6, β6][2,2,2]/(O6),
M(8) ≃ C[C(2)4 , α4, α(2)4 ][2,2,2]/(O8),
M(9) ≃ C[C3, α9, β9][2,2,2]/(O9).
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Proof. In §3.4 we have obtained the natural surjective homomorphism
C[C3, α3, β3]
[2,4,6] →M(3),
and we showed in §5.6 that it induces the homomorphism
C[C3, α3, β3]
[2,4,6]/(O3)։M(3).
We have
H(C[C3, α3, β3]
[2,4,6]/(O3)) =
1 + t4
(1− t2)(1 − t6)
=
∑
k:even
(
([k6 ] + 1) + ([
k−4
6 ] + 1)
)
tk
= H(M(3)),
thus
C[C3, α3, β3]
[2,4,6]/(O3) ≃M(3).
Similarly, since
H(C[C5, α5, β5]
[2,4,4]/(O5)) =
1 + t4
(1− t2)(1− t4) =
2
(1 − t2)(1− t4) −
1
1− t2
= H(M(5)),
H(C[C
(2)
3 , α6, β6]
[2,2,2]/(O6)) =
1 + t2
(1− t2)2 = H(M(6)),
we may get the assertions. 
Theorem 3. We have
M(7) ≃ R[2,4,4,6,6]7 /I7,
M(10) ≃ R[2,2,2,4,4]10 /I10,
M(12) ≃ R[2,2,2,2,2]12 /I12,
M(16) ≃ R[2,2,2,2,2]16 /I16.
Proof. Since
R7 = I7 ⊕ C[C7, β7]⊕ C[C7, β7]α7 ⊕ C[β7, δ7]δ7 ⊕ C[β7, δ7]γ7,
R10 = I10 ⊕ C[u10, α10]⊕ C[α10, β10]β10 ⊕ C[β10, ζ10]ζ10 ⊕ C[β10, ζ10]ǫ10,
R12 = I12 ⊕ C[C(2)3 , α6]⊕ C[α6, β6]β6 ⊕ C[β6, γ12]γ12 ⊕ C[γ12, β(2)6 ]β(2)6 ,
we see
H(R
[2,4,4,6,6]
7 /I7) =
1 + t4
(1− t2)(1 − t4) +
2t6
(1− t4)(1 − t6)
=
1 + 2t4 + t6
(1− t2)(1 − t6)
= 2
1 + t4
(1 − t2)(1− t6) −
1
1− t2
= H(M(7)),
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H(R
[2,2,2,4,4]
10 /I10) =
1 + t2
(1− t2)2 +
2t4
(1 − t2)(1 − t4)
=
2t2
(1− t2)2 +
1 + t4
(1 − t2)(1 − t4)
= H(M(10)),
H(R
[2,2,2,2,2]
12 /I12) =
1 + 3t2
(1− t2)2 = H(M(12)),
and we get the assertions. 
Theorem 4. We have
M(18) ≃ R[2,2,2,2,2,2,2]18 /I18,
M(25) ≃ R[2,2,2,2,2,4,4]25 /I25.
Proof. Since
R18 = I18 ⊕ C[u18, α18]⊕ C[α18, β6]α18
⊕ C[β6, γ18]β6 ⊕ C[γ18, δ18]γ18 ⊕ C[δ18, ǫ18]δ18 ⊕ C[ǫ18, β(3)6 ]ǫ18,
R25 = I25 ⊕ C[u25, α25]⊕ C[α25,Ei5 ]Ei5 ⊕ C[Ei5 , γ25]γ25 ⊕ C[γ25, δ25]δ25
⊕ C[δ25, β(5)5 ]β(5)5 ⊕ C[δ25, β(5)5 ]ι25,
we see
H(R
[2,2,2,2,2,2,2]
18 /I18) =
1 + 5t2
(1− t2)2 = H(M(18)),
H(R
[2,2,2,2,2,4,4]
25 /I25) =
1 + 3t2
(1− t2)2 +
2t4
(1 − t2)(1− t4)
= H(M(25)),
and we get the assertions. 
8. Integrality of the basis
We easily see that the basis {bj} taken in §3 is rational, namely, for each j
bj ∈ qj−1 +Q[[q]]qj .
In this section, we would prove that those are integral, namely, for each j
bj ∈ qj−1 + Z[[q]]qj .
Indeed, when N = 1, the assertion follows from E4,E6,∆ ∈ Z[[q]]. Once we may
take such an integral basis {bj}, we easily obtain that
Mk(N) ∩ (Z⊕ Zq ⊕ · · · ⊕ Zqd−1 ⊕ C[[q]]qd) ⊂ Z[[q]]
for each k > 0 andN ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25}, where d = dimMk(N).
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8.1. The case N=4,6,8,9,12,16,18. We see
τN2(n)− τN (n) =
∑
d|n,N |d,N2∤d
d = NτN (
n
N
),
where we make the convention that τN (
n
N
) = 0 if N ∤ n. In particular, for each
prime number p, we see
1
p
((p+ 1)τp − τp2) = τp − 1p (τp2 − τp) = 1p · σ1,
where 1p = δNpN, since τp(pn) = τp(n). Therefore we get
α4 =
∑
n
1
2 (3τ2 − τ4)(n)qn =
∑
n≡1 mod 2
σ1(n)q
n ∈ Z[[q]],
β9 =
1
6
(∑
n
1
3 (4τ3 − τ9)(n)qn − Eρ3
)
=
∑
n≡2 mod 3
1
3σ1(n)q
n
=
∑
n≡2 mod 3
∑
d|n,d≡1 mod 3
1
3 (d+
n
d
)qn ∈ Z[[q]],
γ16 =
∑
n≡3 mod 4
1
4σ1(n)q
n
=
∑
n≡3 mod 4
∑
d|n,d≡1 mod 4
1
4 (d+
n
d
)qn ∈ Z[[q]].
We note that the integrality of γ16 can be proved also from
γ16 = (α
(2)
4 + 4α
(4)
4 )α4/C
(2)
4 ∈ Z[[q]].
Moreover we easily reconfirm that our tuples taken in §3.1 are integral.
8.2. The case N=2,5,10,25. We see that our tuples taken in §3.2 are integral,
for example,
β5 =
1
3
(
−∑
n
τ5(n)q
n +
∑
n
σ3(n)(q
n − q5n) + 20∑
n
σ3(n)q
5n
)
−
(∑
n
τ5(n)q
n
)2
=
∑
n
( ∑
d|n,5∤d
1
3 (d
3 − d) + 48σ3(n5 )
)
qn −
(∑
n
τ5(n)q
n
)2
∈ Z[[q]],
δ25 =
1
100
∑
n
(6τ5(n)− τ25(n))qn + 120Eρ5 − 110Er5
= 120
∑
5∤n
(σ1(n) + ρ5(n)σ1(n))q
n − 110Er5
= 110
∑
n≡1 mod 5
(σ1(n)− σρ5 (n))qn + 110
∑
n≡4 mod 5
(σ1(n)− σρ5(n))qn
=
∑
n≡1 mod 5
∑
d|n,d≡2 mod 5
1
5 (d+
n
d
)qn +
∑
n≡4 mod 5
∑
d|n,d≡1 mod 5
1
5 (d+
n
d
)qn
∈ Z[[q]]
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8.3. The case N=3,7. We see that our tuples taken in §3.3 are integral, for ex-
ample,
β7 =
1
4
(
−∑
n
τ7(n)q
n +
∑
n
σ3(n)(q
n − q7n) + 30∑
n
σ3(n)q
7n
)
− 12
(∑
n
τ7(n)q
n
)2
=
∑
n
( ∑
d|n,7∤d
1
4 (d
3 − d) + 93σ3(n7 )
)
qn − 12
(∑
n
τ7(n)q
n
)2
∈ Z[[q]] +∑
n
∑
d|n,7∤d
1
4 (d
3 − d)qn −∑
n
1
2τ7(n)
2q2n
= Z[[q]] +
∑
n
( ∑
d|n,2|d,7∤d
1
4 (−d)−
∑
d|n2 ,7∤d
1
2d
2
)
qn
= Z[[q]] +
∑
n
( ∑
d|n2 ,7∤d
1
2 (−d− d2)
)
qn
= Z[[q]],
δ7 = C
−1
7 β
2
7 ∈ Z[[q]].
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